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Improving Design Preference
Prediction Accuracy Using
Feature Learning
Quantitative preference models are used to predict customer choices among design alter-
natives by collecting prior purchase data or survey answers. This paper examines how to
improve the prediction accuracy of such models without collecting more data or chang-
ing the model. We propose to use features as an intermediary between the original
customer-linked design variables and the preference model, transforming the original
variables into a feature representation that captures the underlying design preference
task more effectively. We apply this idea to automobile purchase decisions using three
feature learning methods (principal component analysis (PCA), low rank and sparse
matrix decomposition (LSD), and exponential sparse restricted Boltzmann machine
(RBM)) and show that the use of features offers improvement in prediction accuracy
using over 1 million real passenger vehicle purchase data. We then show that the inter-
pretation and visualization of these feature representations may be used to help augment
data-driven design decisions. [DOI: 10.1115/1.4033427]

1 Introduction

Much research has been devoted to develop design preference
models that predict customer design choices. A common approach
is to (i) collect a large database of previous purchases that
includes customer data, e.g., age, gender, income, and purchased
product design data, e.g., no. of cylinders, length, and curb
weight—for an automobile, and (ii) statistically infer a design
preference model that links customer and product variables, using
conjoint analysis or discrete choice analysis such as logit, mixed
logit, and nested logit models [1,2].

However, a customer may not purchase a vehicle solely due to
interactions between these two sets of variables, e.g., a 50-yr old
male prefers six-cylinder engines. Instead, a customer may pur-
chase a product for more “meaningful” design attributes that are
functions of the original variables, such as environmental sustain-
ability or sportiness [3,4]. These meaningful intermediate func-
tions of the original variables, both of the customer and of the

design, are hereafter termed features. We posit that using cus-
tomer and product features, instead of just the original customer
and product variables, may increase the prediction accuracy of the
design preference model.

Our goal then is to find features that improve this preference
prediction accuracy. To this end, one common approach is to ask
design and marketing domain experts to choose these features
intuitively, such as a design’s social context [5] and visual design
interactions [6]. For example, eco-friendly vehicles may be a
function of miles per gallon (MPG) and emissions, whereas envi-
ronmentally active customers may be a function of age, income,
and geographic region. An alternative explored in this paper is to
find features “automatically” using feature learning methods stud-
ied in computer science and statistics. As shown in Fig. 1, feature
learning methods create an intermediate step between the original
data and the design preference model by forming a more efficient
“feature representation” of the original data. Certain well-known
methods such as PCA may be viewed similarly, but more recent
feature learning methods have shown impressive results in 1D
waveform prediction [7] and 2D image object recognition [8].

We conduct an experiment on automobile purchasing preferen-
ces to assess whether three feature learning methods increase
design preference prediction accuracy: (1) principle component
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analysis, (2) LSD, and (3) exponential family sparse RBMs
[9,10]. We cast preference prediction as a binary classification
task by asking the question: “Given customer x, do they purchase
vehicle p or vehicle q?” Our dataset is comprised of 1,161,056
data points generated from 5582 real passenger vehicle purchases
in the United States during model year 2006 (MY2006).

The first contribution of this work is an increase of preference
prediction accuracy by 2–7% just using simple “single-layer” fea-
ture learning methods, as compared with the original data repre-
sentation. These results suggest features indeed better represent
the customer’s underlying design preferences, thus offering
deeper insight to inform decisions during the design process.
Moreover, this finding is complementary to recent work in crowd-
sourced data gathering [11,12] and nonlinear preference modeling
[13,14] since they do not affect the preference model or dataset
itself.

The second contribution of this work is to show how features
may be used in the design process. We show that feature interpre-
tation and feature visualization offer designers additional tools for
augmenting design decisions. First, we interpret the most influen-
tial pairings of vehicle features and customer features to the pref-
erence task, and contrast this with the same analysis using the
original variable representation. Second, we visualize the theoreti-
cally optimal vehicle for a given customer within the learned fea-
ture representation and show how this optimal vehicle, which
does not exist, may be used to suggest design improvements upon
current models of vehicles that do exist in the market.

Methodological contributions include being the first to use
recent feature learning methods on heterogeneous design and mar-
keting data. Recent feature learning research has focused on
homogeneous data, in which all variables are real-valued numbers
such as pixel values for image recognition [8,15]; in contrast, we
explicitly model the heterogeneous distribution of the input varia-
bles, for example, “age” being a real-valued variable and “General
Motors” being a categorical variable. Subsequently, we give a
number of theoretical extensions: First, we use exponential family
generalizations for the sparse RBMs, enabling explicit modeling
of statistical distributions for heterogeneous data. Second, we
derive theoretical bounds on the reconstruction error of the LSD
feature learning method.

This paper is structured as follows: Section 2 discusses efforts
to increase prediction accuracy by the design community, as well
as feature learning advances in the machine learning community.
Section 3 sets up the preference prediction task as a binary classi-
fication problem. Section 4 details three feature learning methods
and their extension to suit heterogeneous design and market data.

Section 5 details the experimental setup of the preference predic-
tion task, followed by results showing improvement of preference
prediction accuracy. Section 6 details how features may be used
to inform design decisions through feature interpretation and fea-
ture visualization. Section 7 concludes this work.

2 Background and Related Work

Design preference modeling has been investigated in design for
market systems, where quantitative engineering and marketing
models are linked to improve enterprise-wide decision making
[16–18]. In such frameworks, the design preference model is used
to aggregate input across multiple stakeholders, with special
importance on the eventual customer within the targeted market
segment [19].

These design preference models have been shown to be espe-
cially useful for the design of passenger vehicles, as demonstrated
across a variety of applications such as engine design [20], vehicle
packaging [21], brand recognition [22], and vehicle styling
[3,6,23]. Connecting many of these research efforts is the desire
for improved prediction accuracy of the underlying design prefer-
ence model. With increased prediction accuracy, measured using
“held out” portions of the data, greater confidence may be placed
in the fidelity of the resulting design conclusions.

Efforts to improve prediction accuracy involve (i) developing
more complex statistical models to capture the heterogeneous and
stochastic nature of customer preferences; examples include
mixed and nested logit models [1,2], consideration sets [24], and
kernel-based methods [13,14,25], and (ii) creating adaptive ques-
tionnaires to obtain stated information more efficiently using a va-
riety of active learning methods [26,27].

This work is different from (i) above in that the set of features
learned is agnostic of the particular preference model used. One
can just as easily switch out the l2 logit design preference model
used in this paper for another model, whether it be mixed logit or
a kernel machine. This work is also different from (ii) in that we
are working with a set of revealed data on actual vehicle pur-
chases, rather than eliciting this data through a survey. Accord-
ingly, this work is among recent efforts toward data-driven
approaches in design [28], including design analytics [29] and
design informatics [30], in that we are directly using data to aug-
ment existing modeling techniques and ultimately suggest action-
able design decisions.

2.1 Feature Learning. Feature learning methods capture sta-
tistical dependencies implicit in the original variables by
“encoding” the original variables in a new feature representation.
This representation keeps the number of data the same while
changing the length of each data point from M variables to K fea-
tures. The idea is to minimize an objective function defining the
reconstruction error between the original variables and their new
feature representation. If this representation is more meaningful
for the discriminative design preference prediction task, we can
use the same supervised model (e.g., logit model) as before to
achieve higher predictive performance. More details are given in
Sec. 4.

The first feature learning method we examined is PCA. While
not conventionally referred to as a feature learning method, PCA
is chosen for its ubiquitous use and its qualitative difference from
the other two methods. In particular, PCA makes the strong
assumption that the data are Gaussian noise distributed around a
linear subspace of the original variables, with the goal of learning
the eigenvectors spanning this subspace [31]. The features in our
case are the coefficients of the original variables when projected
onto this subspace or, equivalently, the inner product with the
learned eigenvectors.

The second feature learning method is LSD. This method is
chosen as it defines the features implicitly within the preference
model. In particular, LSD decomposes the “part-worth” coeffi-
cients contained in the design preference model (e.g., conjoint

Fig. 1 The concept of feature learning as an intermediate map-
ping between variables and a preference model. The diagram
on top depicts conventional design preference modeling (e.g.,
conjoint analysis) where an inferred preference model discrimi-
nates between alternative design choices for a given customer.
The diagram on bottom depicts the use of features as an inter-
mediate modeling task.
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analysis or discrete choice analysis) into a low-rank matrix plus a
sparse matrix. This additive decomposition is motivated by results
from the marketing literature suggesting that certain purchase con-
sideration is linearly additive [32], and thus well captured by
decomposed matrices [33]. An additional motivation for a linear
decomposition model is the desire for interpretability [34]. Predic-
tive consumer marketing oftentimes uses these learned coeffi-
cients to work hand-in-hand with engineering design to generate
competitive products or services [35]. Such advantages are bol-
stered by separation of factors captured by matrix decomposition,
as separation may lead to better capture of heterogeneity among
market segments [36]. Readers are referred to Ref. [37] for further
in-depth discussion.

The third feature learning method is the exponential family
sparse RBM [9,38]. This method is chosen as it explicitly repre-
sents the features, in contrast with the LSD. The method is a spe-
cial case of a Boltzmann machine, an undirected graph model in
which the energy associated within an energy state space defines
the probability of finding the system in that state [9]. In the RBM,
each state is determined by both visible and hidden nodes, where
each node corresponds to a random variable. The visible nodes
are the original variables, while the hidden nodes are the feature
representation. The “restricted” portion of the RBM refers to the
restriction on visible–visible connections and hidden–hidden con-
nections, later detailed and depicted in Sec. 4 and Fig. 4,
respectively.

All three feature learning methods are considered “simple” in
that they are single-layer models. The aforementioned results in
1D waveform speech recognition and 2D image object recognition
have been achieved using hierarchical models, built by stacking
multiple single-layer models. We chose single-layer feature learn-
ing methods here as an initial effort and to explore parameter set-
tings more easily; as earlier noted, there is limited work on feature
learning methods for heterogeneous data (e.g., categorical varia-
bles) and most advances are currently only on homogeneous data
(e.g., real-valued 2D image pixels).

3 Preference Prediction as Binary Classification

We cast the task of predicting a customer’s design preferences
as a binary classification problem: Given customer j, represented

by a vector of heterogeneous customer variables x
ðjÞ
c , as well as

two passenger vehicle designs p and q, each represented by a vec-

tor of heterogeneous vehicle design variables x
ðpÞ
d and x

ðqÞ
d , which

passenger vehicle will the customer purchase? We use a real data-
set of customers and their passenger vehicle purchase decisions as
detailed below [39].

3.1 Customer and Vehicle Purchase Data From 2006. The
data used in this work combine the Maritz vehicle purchase sur-
vey from 2006 [39], the Chrome vehicle variable database [40],
and the 2006 estimated U.S. state income and living cost data
from the U.S. Census Bureau [41] to create a dataset with both
customer and passenger vehicle variables. These combined data
result in a matrix of purchase records, with each row correspond-
ing to a separate customer and purchased vehicle pair, and each
column corresponding to a variable describing the customer (e.g.,
age, gender, and income) or the purchased vehicle (e.g., no. of
cylinders, length, and curb weight).

From this original dataset, we focus only on the customer group
who bought passenger vehicles of size classes between minicom-
pact and large vehicles, thus excluding data for station wagons,
trucks, minivans, and utility vehicles. In addition, purchase data
for customers who did not consider other vehicles before their
purchases were removed, as well data for customers who pur-
chased vehicles for another party.

The resulting database contained 209 unique passenger vehicle
models bought by 5582 unique customers. The full list of cus-
tomer variables and passenger vehicle variables can be found in

Tables 1 and 2. The variables in these tables are grouped into
three unit types: real, binary, and categorical, based on the nature
of the variables.

3.2 Choice Set Training, Validation, and Testing Split. We
converted the dataset of 5582 passenger vehicle purchases into a
binary choice set by generating all pairwise comparisons between
the purchased vehicle and the other 208 vehicles in the dataset for
all 5582 customers. This resulted in N¼ 1,161,056 data points,
where each datum indexed by n consisted of a triplet (j, p, q) of a
customer indexed by j and two passenger vehicles indexed by p
and q, as well as a corresponding indicator variable yðnÞ 2 f0; 1g
describing which of the two vehicles was purchased.

These full data were then randomly shuffled and split into train-
ing, validation, and testing sets. As previous studies have shown
the impact on prediction performance given different generations
of choice sets [42], we created ten random shufflings and subse-
quent data splits of our dataset, and run the design preference
prediction experimental procedure of Sec. 5 on each one independ-
ently. This work is therefore complementary to studies on devel-
oping appropriate choice set generation schemes such as Ref. [43].
Full details into the data processing procedure are given in Sec. 5.

3.3 Bilinear Design Preference Utility. We adopt the con-
ventions of utility theory for the measure of customer preference
over a given product [44]. Formally, each data point consists of a
pairwise comparison between vehicles p and q for customer j,

with corresponding customer variables x
ðjÞ
c for j 2 f1;…; 5582g

and original variables of the two vehicle designs, x
ðpÞ
d and x

ðqÞ
d for

p; q 2 f1;…; 209g. We assume a bilinear utility model for cus-
tomer j and vehicle p

Ujp ¼ vecðxðjÞc � x
ðpÞ
d Þ

T; ðxðpÞd Þ
T

h i
x (1)

where � is an outer product for vectors, vecð�Þ is vectorization of
a matrix, ½�; �� is concatenation of vectors, and x is the part-worth
vector.

3.4 Design Preference Model. The preference model refers
to the assumed relationship between the bilinear utility model
described in Sec. 3.3 and a label indicating which of the two

Table 1 Customer variables xc and their variable types

Customer variable Type Customer variable Type

Age Real U.S. state cost of living Real
Number of house members Real Gender Binary
Number of small children Real Income bracket Categorical
Number of med. children Real House region Categorical
Number of large children Real Education level Categorical
Number of children Real U.S. state Categorical
U.S. state average income Real

Table 2 Design variables xd and their variable types

Design variable Type Design variable Type

Invoice Real AWD/4WD Binary
MSRP Real Automatic transmission Binary
Curb weight Real Turbocharger Binary
Horsepower Real Supercharger Binary
MPG (combined) Real Hybrid Binary
Length Real Luxury Binary
Width Real Vehicle class Categorical
Height Real Manufacturer Categorical
Wheelbase Real Passenger capacity Categorical
Final drive Real Engine size Categorical
Diesel Binary
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vehicles the customer actually purchased. While the choice of
preference model is not the focus of this paper, we pilot tested
popularly used models including l1 and l2 logit model, Na€ıve
Bayes, l1 and l2 linear as well as kernelized support vector
machine, and random forests.

Based on these pilot results, we chose the l2 logit model due to
its widespread use in the design and marketing communities
[37,45]; in particular, we used the primal form of the logit model.
Equation (2) captures how the logit model describes the probabil-
istic relationship between customer j’s preference for either vehi-
cle p or vehicle q as a function of their associated utilities given
by Eq. (1). Note that � are Gumbel-distributed random variables
accounting for noise over the underlying utility of the customer j’s
preference for either vehicle p or vehicle q

P nð Þ ¼ P j;p;qð Þ ¼ P Ujp þ ejp > Ujq þ ejqð Þ ¼
eUjp

eUjp þ eUjq
(2)

3.4.1 Parameter Estimation. We estimate the parameters of
the logit model in Eq. (2) using conventional convex loss function
minimization using the log-loss regularized with the l2 norm

min
x;a

1

N

XN

n¼1

y nð Þ log P nð Þ þ 1� y nð Þ
� �

log 1� P nð Þð Þ
� �

þ ajjxjj2 (3)

where yðnÞ ¼ yðjpqÞ is 1 if customer j chose vehicle p to purchase
and 0 if vehicle q was purchased, and a is the l2 regularization
hyperparameter. The optimization algorithm used to minimize
this regularized loss function was stochastic gradient descent,
with details of hyperparameter settings given in Sec. 5.

4 Feature Learning

We present three qualitatively different feature learning meth-
ods as introduced in Sec. 2: (1) PCA, (2) LSD, and (3) exponential
family sparse RBM. Furthermore, we discuss their extensions to
better suit the market data described in Sec. 3, as well as deriva-
tion of theoretical guarantees.

4.1 Principal Component Analysis. PCA maps the original

data representation x ¼ ½x1; x2;…; xM�T 2 RM�1 to a new feature

representation h ¼ ½h1; h2;…; hK �T 2 RK�1; K � M, with an

orthogonal transformation W 2 RM�K (Fig. 2). Assume that the
original data representation x has zero empirical mean (otherwise,
we simply subtract the empirical mean from x). The mapping is
given by

h ¼ xTW (4)

The PCA representation has the following properties: (1) h1 has
the largest variance, and the variance of hi is not smaller than the
variance of hj for all j< i, (2) the columns of W are orthogonal
unit vectors, and (3) h and W minimize the reconstruction error e

e ¼ jjx� hjj2 (5)

When the q columns of W consist of the first q eigenvectors of
xTx, the above properties are all satisfied, and the PCA feature
representation can be calculated by Eq. (4). Since PCA is a projec-
tion onto a subspace, the features h in this case are not “higher
order” functions of the original variables, but rather a linear map-
ping from original variables to a strictly smaller number of linear
coefficients over the eigenvectors.

4.2 Low-Rank 1 Sparse Matrix Decomposition. The utility
model Urp given in Eq. (1) can be rewritten into matrix form, in which
X is a matrix reshaped from the part-worth coefficients vector x

Urp ¼ ðxðjÞc Þ
T; 1

h i
Xx

p
d (6)

The decomposition of the original part-worth coefficients into a
low-rank matrix and a sparse matrix may better represent

Fig. 2 The concept of principle component analysis shown
using an example with a data point represented by three origi-
nal variables x projected to a two-dimensional subspace
spanned by w to obtain features h

Fig. 3 The concept of LSD using an example “part-worth coef-
ficients” matrix of size 10 3 10 decomposed into two 10 3 10
matrices with low rank or sparse structure. Lighter colors repre-
sent larger values of elements in each decomposed matrix.

Fig. 4 The concept of the exponential family sparse RBM. The
original data are represented by nodes in the visible layer by
½x1; x2�, while the feature representation of the same data is rep-
resented by nodes in the hidden layer ½h1;h2;h3;h4�. Undirected
edges are restricted to being only between the original layer
and the hidden layer, thus enforcing conditional independence
between nodes in the same layer.
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customer purchase decisions than the large coefficient matrix of
all pairwise interactions given in Eq. (1) and as detailed in Sec. 2.
Accordingly, we decompose X into a low-rank matrix L of rank r
superimposed with a sparse matrix S, i.e., X ¼ Lþ S (Fig. 3).
This problem may be solved in the general case exactly with the
following optimization problem:

minL;S lðL;S; Xc;Xd; yÞ
s:t: rankðLÞ � r

S 2 C
(7)

where Xu and Xc are the full set of customer and vehicle data, y is
the vector of whether customer j chose vehicle p or vehicle q, lð�Þ
is the log-loss without the l2 norm

l L;S; Xc;Xd; yð Þ

¼ 1

N

XN

n¼1

y nð Þ log P nð Þ þ 1� y nð Þ
� �

log 1� P nð Þð Þ
� �

(8)

and C is a convex set corresponding to the sparse matrix S. As this
problem is intractable (NP-hard), we instead learn this decomposi-
tion of matrices using an approximation obtained via regularized
loss function minimization

min
L;S

lðL;S; Xc;Xd; yÞ þ k1jjLjj� þ k2jjSjj1 (9)

where jj � jj� is the nuclear norm to promote low-rank structure,
and jj � jj1 is the l1 norm.

In particular, while a number of low-rank regularizations may
be used to solve Eq. (9), e.g., trace norm and log-determinant
norm [46]. We choose the nuclear norm as it may be applied to
any general matrix, while the trace norm and log-determinant reg-
ularization are limited to positive semidefinite matrices. More-
over, the nuclear norm is often considered optimal as jjLjj� is the
convex envelop of RankðLÞ, implying that jjLjj� is the largest
convex function smaller than RankðLÞ [46].

DEFINITION 1. For matrix L, the nuclear norm is defined as

jjLjj� :¼
XminðdimðLÞÞ

i¼1

siðLÞ

where siðLÞ is a singular value of L.

4.2.1 Parameter Estimation. The nondifferentiability of the
convex low-rankþ sparse approximation given in Eq. (9) necessi-
tates optimizations techniques such as augmented Lagrangian
[47], semidefinite programing [48], and proximal methods [49].
Due to theoretical guarantees on convergence, we choose to train
our model using proximal methods which are defined as follows.

DEFINITION 2. Let f : Rn ! R [ fþ1g be a closed proper con-
vex function. The proximal operator of f is defined as

proxf vð Þ¼argmin
x

f xð Þþ1

2
jjv�xjj22

� �

With these preliminaries, we now detail the proximal gradient
algorithm used to solve Eq. (9) using low-rank and l1 proximal
operators. Denote f ð�Þ ¼ jj � jj�, and its proximal operator as proxf.
Similarly, denote the proximal operator for the l1 regularization
term by proxS, i ¼ 1;…n. Details of calculating proxf and proxS

may be found in the Appendix.

With this notation, the proximal optimization algorithm to solve
Eq. (9) is given by Algorithm 1. Moreover, this algorithm is guar-
anteed to converge with constant step size as given by the follow-
ing lemma [49].

LEMMA 1. Convergence Property. When rl is Lipschitz continu-
ous with constant q, this method can be shown to converge with
rate Oð1=kÞ when a fixed step size gt ¼ g 2 ð0; 1=q� is used. If q
is not known, the step sizes gt can be found by a line search; that
is, their values are chosen in each step.

4.2.2 Error Bound on Low-Rankþ Sparse Estimation. We
additionally prove a variational bound that guarantees this param-
eter estimation method converges to a unique solution with
bounded error as given by the following theorem.

THEOREM 1. Error bound on low-rankþ sparse estimation

j�lj � minðdimðL0ÞÞjjL� � L0jj2

where L� is the optima of problem (9) and L0 is the matrix mini-
mizing the loss function lð�Þ.

The proof of this theorem is given in the Appendix.

4.3 Restricted Boltzmann Machine. The RBM is an energy-
based model in which an energy state is defined by a layer of M
visible nodes corresponding to the original variables x and a layer
of K features denoted as h. The energy for a given pair of original
variables and features determines the probability associated with
finding the system in that state; like nature, systems tend to states
that minimize their energy and thus maximize their probability.
Accordingly, maximizing the likelihood of the observed data
xð1Þ…xðNÞ 2 RM and its corresponding feature representation
hð1Þ…hðNÞ 2 RK is a matter of finding the set of parameters that
minimize the energy for all observed data.

While traditionally this likelihood consists of binary variables
and binary features, as described in Tables 1 and 2, our passenger
vehicle purchase dataset consists of MG Gaussian variables, MB

binary variables, and MC categorical variables. We accordingly
define three corresponding energy functions EG, EB, and EC, in
which each energy function connects the original variables and
features via a weight matrix W, as well as biases for each original
variable and feature, a and b, respectively.

Real-valued random variables (e.g., vehicle curb weight) are
modeled using the Gaussian density. The energy function for
Gaussian inputs and binary hidden nodes is

EG x;h; hð Þ ¼�
XMG

m¼1

XK

k¼1

hkwkmxm

þ 1

2

XMG

m¼1

xm � bmð Þ2 �
XK

k¼1

akhk (10)

where the variance term is clamped to unity under the assumption
that the input data are standardized.

Binary random variables (e.g., gender) are modeled using the
Bernoulli density. The energy function for Bernoulli nodes in both
the input layer and hidden layer is

Algorithm 1 Low-Rank 1 Sparse Matrix Decomposition

Input: Data Xc; Xd , y

Initialize L0 ¼ 0;S0 ¼ 0
repeat

Ltþ1 ¼ proxf ðLt � gtrLt lðL; S; Xc;Xd ; yÞÞ
Stþ1 ¼ proxSðSt � gtrSt lðL;S; Xc;Xd ; yÞÞ

until Lt; St
i are converged
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EBðx;h; hÞ ¼�
XMB

m¼1

XK

k¼1

hkwkmxm

�
XMB

m¼1

xmbm �
XK

k¼1

akhk (11)

Categorical random variables (e.g., vehicle manufacturer) are
modeled using the categorical density. The energy function for
categorical inputs with Zm classes for mth categorical input vari-
able (e.g., Toyota, General Motors, etc.) is given by

ECðx;h; hÞ ¼�
XKm

m¼1

XK

k¼1

XZm

z¼1

hkwkmzdmzxmz

�
XMC

m¼1

XZm

z¼1

dmzxmzbmz �
XK

k¼1

akhk (12)

where dmz ¼ 1 if xmz¼ 1 and 0 otherwise.
Given these energy functions for the heterogeneous original

variables, the probability of a state with energy Eðx;h; hÞ
¼ EGðx; h; hÞ þ EBðx;h; hÞ þ ECðx; h; hÞ, in which h ¼ fW; a; bg
are the energy function weights and bias parameters, is defined by
the Boltzmann distribution

P x;hð Þ ¼ e�E x;h;hð ÞX
x

X
h

e�E x;h;hð Þ (13)

The “restriction” on the RBM is to disallow visible–visible and
hidden–hidden node connections. This restriction results in condi-
tional independence of each individual hidden unit h given the
vector of inputs x, and each visible unit x given the vector of
hidden units h

PðhjxÞ ¼
YN
n¼1

PðhnjxÞ (14)

PðxjhÞ ¼
YK
k¼1

PðxkjhÞ (15)

The conditional density for a single binary hidden unit given
the combined KG Gaussian, KB binary, and KC categorical input
variables is then

r an þ
XKG

k¼1

wnkxk þ
XKB

k¼1

wnkxk þ
XKC

k¼1

XDk

d¼1

wnkdkdxk

 !
(16)

where rðsÞ ¼ 1=ð1þ expð�sÞÞ is a sigmoid function.
For an input data point xðnÞ, its corresponding feature represen-

tation hðnÞ is given by sampling the “activations” of the hidden
nodes

½Pðh1 ¼ 1jx; hÞ ; ::: ; PðhN ¼ 1jx; hÞ� (17)

4.3.1 Parameter Estimation. To train the model, we optimize
the weight and bias parameters h ¼ fW; b; ag by minimizing the

negative log-likelihood of the data fxð1Þ…xðNÞg using gradient
descent. The gradient of the log-likelihood is

@

@h

XN

n¼1

log P x nð Þð Þ ¼ @

@h

XN

n¼1

log
X

h

P x nð Þ;h
� �

¼ @

@h

XN

n¼1

log
X

h

e�E x nð Þ;hð ÞP
x;he�E x nð Þ;hð Þ

¼
XN

n¼1

Ehjx nð Þ
@

@h
E x nð Þ;h
� �� 	

�Eh;x
@

@h
E x;hð Þ

� 	
(18)

The gradient is the difference of two expectations: the first of
which is easy to compute since it is “clamped” at the input datum
x, but the second of which requires the joint density over the
entire x space for the model.

In practice, this second expectation is approximated using the
contrastive divergence algorithm by Gibbs, sampling the hidden
nodes given the visible nodes, then the visible nodes given the
hidden nodes, and iterating a sufficient number of steps for
the approximation [50]. During training, we induce sparsity of the
hidden layer by setting a target activation bk, fixed to 0.1, for each
hidden unit hk [38]. The overall objective to be minimized is then
the negative log-likelihood from Eq. (18) and a penalty on the
deviation of the hidden layer from the target activation. Since the
hidden layer is made up of sigmoid densities, the overall objective
function is

XN

n¼1

log
X

h

PðxðnÞ;hÞ

þk3

XK

k¼1

ðbðnÞk log hk þ ð1� bðnÞk Þlog ð1� hkÞÞ (19)

where k3 is the hyperparameter trading off the sparsity penalty
with the log-likelihood.

5 Experiment

The goal in this experiment was to assess how preference pre-
diction accuracy changes when using the same preference model
on three different representations of the same dataset. The prefer-
ence model used, as discussed in Sec. 3.4 was the l2 logit, while
the three representations were the original variables, low-
rankþ sparse features, and RBM features. The same experimental
procedure was run on each of these three representations, where
the first representation acts as a baseline for prediction accuracy,
and the next two representations demonstrate the relative gain in
preference prediction accuracy when using features.

In addition, we performed an analysis of how the hyperpara-
meters affected design preference prediction accuracy for the
hyperparameters used in the PCA, LSD, and RBM feature learn-
ing methods. For PCA, the hyperparameter was the dimensional-
ity K of the subspace spanned by the eigenvectors of the PCA
method. For LSD, the hyperparameters were the rank penalty k1,
which affects the rank of the low-rank matrix L, and the sparsity
penalty k2, which influences the number of nonzero elements in
the sparse matrix S, both found in Eq. (9). For RBM, the hyper-
parameters were the sparsity penalty k3, which controls the num-
ber of features activated for a given input datum, and the
overcompleteness factor c, which defines by what factor the
dimensionality of the feature space is larger than the dimensional-
ity of the original variable space, both of which are found in
Eq. (19).

The detailed experiment flow is summarized below and illus-
trated in Fig. 5:

(1) The raw choice dataset of pairs of customers and purchased
designs, described in Sec. 3.1, was randomly split ten times
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into 70% training, 10% validation, and 20% test sets. This
was done in the beginning to ensure no customers in the
training sets ever existed in the validation or test sets.

(2) Choice sets were generated for each training, validation,
and test sets for all ten randomly shuffled splits as described
in Sec. 3.2. This process created a training dataset of
832,000 data points, a validation dataset of 104,000 data
points, and a testing dataset of 225,056 data points, for
each of the ten shuffled splits.

(3) Feature learning was conducted on the training sets of cus-
tomer variables and vehicle variables for a vector of five
different values of K for PCA features, a grid of 25 differ-
ent pairs of low-rank penalty k1 and sparsity penalty k2 for
the LSD features, and a grid of 56 different pairs of sparsity
k3 and overcompleteness c hyperparameters for RBM fea-
tures. For PCA features, these hyperparameters were
K 2 f30; 50; 70; 100; 150g. For LSD features, these hyper-
parameters were k1 2 f0:005; 0:01; 0:05; 0:1; 0:5g and
k2 2 f0:005; 0:01; 0:05; 0:1; 0:5g. For RBM, these hyper-
parameters were k3 2 f4:0; 5:0; 6:0; 7:0; 8:0; 9:0; 10:0g and
c 2 f0:25; 0:5; 0:75; 1:0; 1:5; 2:0; 2:5; 3:0g. These hyper-
parameter settings were selected by pilot testing large
ranges of parameter settings to find relevant regions for
upper and lower hyperparameter bounds, with numbers of
hyperparameters selected based on computational
constraints.

(4) Each of the validation and testing datasets were encoded
using the feature learning methods learned for each of the 5
PCA hyperparameters K, 25 ðk1; k2Þ LSD hyperparameter
pairs, and 56 ðk3; cÞ RBM hyperparameter pairs.

(5) The encoded feature data were combined with the original
variable data in order to separate linear term effects of the
original variables with higher order effects from the fea-
tures. While this introduces a degree of information redun-
dancy between features and original variables, the
regularization term in Eq. (3) mitigates effects of

collinearity. Each datum consists of the features concaten-
ated with the original variables, then input into the bilinear
utility model. Specifically, for some customer features hu

and customer variables xu, we used hT
u0 :¼ ½xT

u ;h
T
u � to define

the new representation of the customer; likewise, for some

vehicle features hc and vehicle variables xc, we used hT
c0 :¼

½xT
c ;h

T
c � to define the new representation of the customer.

Combined with Eq. (1), a single data point used for training
is the difference in utilities between vehicle p and vehicle q
for a given customer r

h
ðrÞ
u0 � ðh

ðpÞ
c0 � h

ðqÞ
c0 Þ;h

ðpÞ
c0 � h

ðqÞ
c0

h i
(20)

Note that the dimensionality of each datum could range above
100,000 dimensions for the largest values of c.

(6) For each of these training sets, six logit models were
trained in parallel over minibatches of the training data,
corresponding to six different settings of the l2 regulariza-
tion parameter a ¼ 0:00001; 0:0001; 0:001; 0:01; 0:1; 1:0.
These logit models were optimized using stochastic gradi-
ent descent, with learning rates inversely related to the
number of training examples seen [51].

(7) Each logit model was then scored according to its respec-
tive held-out validation dataset. The hyperparameter set-
tings ðaBASELINEÞ for the original variables, ðKPCA; aPCAÞ
for PCA feature learning, ðk1; k2Þ for LSD feature learning,
and ðk3; c; aRBMÞ for RBM feature learning with the best
validation accuracy were saved. For each of these four sets
of best hyperparameters, step (3) was repeated to obtain the
set of corresponding features on each of the ten random
shuffled training plus validation sets.

(8) Logit models corresponding to the baseline, PCA features,
LSD features, and RBM features were retrained for each of
the ten randomly shuffled and combined training and vali-
dation. The prediction accuracy for each of these ten logit
models was assessed on the corresponding held-out test
sets in order to give average and standard deviations of the
design preference predictive accuracy for the baseline,
PCA features, LSD features, and RBM features.

5.1 Results. Table 3 shows the averaged test set prediction
accuracy of the logit model using the original variables, PCA fea-
tures, LSD features, and RBM features. Prediction accuracy aver-
aged over ten random training and held-out testing data splits are
given, both for the partial data N¼ 10,000 and the full data
N¼ 1,161,056 cases. Furthermore, we include the standard devia-
tion of the prediction accuracies and a two-sided t-test relative to
the baseline accuracy for each feature representation.

The logit model trained with LSD features achieved the highest
predictive accuracy on both the partial and full datasets, at

Fig. 5 Data processing, training, validation, and testing flow

Table 3 Averaged preference prediction accuracy on held-out test data using the logit model with the original variables or the
three feature representations. Average and standard deviation were calculated from ten random training and testing splits common
to each method, while test parameters for each method were selected via cross validation on the training set.

Design preference
model

Feature
representation

Prediction accuracy
(SD) (q-value) N¼ 10,000

Prediction accuracy
(SD) (q-value) N¼ 1,161,056

Logit model Original variables (no features) 69.98% (1.82%) 75.29% (0.98%)
(N/A) (N/A)

Logit model Principle component analysis 61.69% (1.24%) 62.03% (0.89%)
(1.081� 10�7) (8.22� 10�10)

Logit model Low-rankþ sparse matrix decomposition 76.59% (0.89%) 77.58% (0.81%)

(3.276� 10�8) (4.286� 10�8)

Logit model Exponential family sparse RBM 74.99% (0.64%) 75.15% (0.81%)
(2.3� 10�5) (0.136)

Boldface denotes highest prediction accuracy.
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76.59% and 77.58%, respectively. This gives evidence that using
features can improve design preference prediction accuracy as the
logit model using the original variables achieved an averaged
accuracy of 69.98% and 75.29%, respectively. The improvement
in design preference prediction accuracy is greatest for the partial
data case, as evidenced by both the LSD and RBM; yet, the
improvement with the full data case shows that the LSD feature
learning method is still able to improve prediction accuracy within
the capacity of the logit model. The RBM results for the full data
case do not show significant improvement in prediction accuracy.
Finally, we note a relative loss in design preference prediction
accuracy when using PCA as a feature learning method, both for
the partial and full datasets, suggesting that the heavy assumptions
built into PCA are overly restrictive.

The parameter settings for the LSD feature learning method
give additional insight to the preference prediction task. In partic-
ular, the optimal settings of k1 and k2 obtained through cross vali-
dation on the ten random training sets were ranged from r¼ 29 to
r¼ 31. This significantly reduced rank of the part-worth coeffi-
cient matrix given in Eq. (1) suggests that the vast majority of
interactions between customer variables and design variables
given in Tables 1 and 2 do not significantly contribute to overall
design preferences. This insight allows us to introspect into
important feature pairings on a per-customer basis to inform
design decisions.

We have shown that even simple single-layer feature learning
can significantly increase predictive accuracy for design prefer-
ence modeling. This finding signifies that features more effec-
tively capture the design preferences than the original variables,
as features form functions of the original variables more represen-
tative of the customer’s underlying preference task. This offers
designers opportunity for new insights if these features can be suc-
cessfully interpreted and translated to actionable design decisions;
however, given the relatively recent advances in feature learning
methods, interpretation and visualization of features remains an
open challenge—see Sec. 6 for further discussion.

Further increases to prediction accuracy might be achieved by
stacking multiple feature learning layers, often referred to as
“deep learning.” Such techniques have recently shown impressive
results by breaking previous records in image recognition by large
margins [8]. Another possible direction for increasing prediction
accuracy may be in developing novel architectures that explicitly
capture the conditional statistical structure between customers and
designs. These efforts may be further aided through better under-
standing of the limitations of using feature learning methods for
design and marketing research. For example, the large number of
parameters associated with feature learning methods results in
greater computational cost when performing model selection; in
addition to the cross-validation techniques used in this paper,
model selection metrics such as Bayesian information criteria and
Akaike information criteria may give further insight along these
lines.

6 Using Features for Design

Using features can support the design process in at least two
directions: (1) Features interpretation can offer deeper insights
into customer preferences than the original variables, and (2) fea-
ture visualization can lead to a market segmentation with better
clustering than with the original variables. These two directions
are still open challenges given the relative nascence of feature
learning methods. Further investigation is necessary to realize the
above design opportunities and to justify the computational cost
and implementation challenges associated with feature learning
methods.

The interpretation and visualization methods may be used with
conventional linear discrete choice modeling (e.g., logit models).
However, deeper insights are possible through interpreting and
visualizing features, assuming that features capture more effec-
tively the underlying design preference prediction task of the

customer as shown through improved prediction accuracy on
held-out data. Since we are capturing “functions” of the original
data, we are more likely to interpret and visualize feature pairings
such as “eco-friendly” vehicle and “environmentally conscious”
customer; such pairing may ultimately lead to actionable design
decisions.

6.1 Feature Interpretation of Design Preferences. Similar
to PCA, LSD provides an approach to interpret the learned fea-
tures by looking at the linear combinations of original variables.
The major difference between features learned using PCA versus
LSD is their different linear combinations; in particular, features
learned by LSD are more representative as they contain informa-
tion from both the data distribution and the preference task, while
PCA features only contain information from the data distribution.

As introduced in Sec. 4.2, the weight matrix X is decomposed
into a low-rank matrix L and a sparse matrix S, i.e., X ¼ Lþ S.
The nonzero elements in the sparse matrix S may be interpreted as
the weight of the product of its corresponding original design vari-
ables and customer variables. As for the low-rank matrix L, the
features can be extracted by linearly combining the original vari-
able according to the singular value decomposition (SVD) for L.
The SVD is a factorization of the ðmþ 1Þ � n matrix L in the
form L ¼ URV, where U is a ðmþ 1Þ � ðmþ 1Þ unitary matrix,
R is an m� n rectangular diagonal matrix with non-negative real
numbers r1; r2;…;rminðmþ1;nÞ on the diagonal, and V is a ðnÞ �
ðnÞ unitary matrix. Rewriting Eq. (6) yields

Urp ¼ ðxðjÞc Þ
T; 1�Lx

p
d þ ½ðxðjÞc Þ

T; 1
h i

Sx
p
d

¼ ðxðjÞc Þ
T; 1�URVx

p
d þ ½ðxðjÞc Þ

T; 1
h i

Sx
p
d

¼
Xminðmþ1;nÞ

i¼1

ri ðxðjÞc Þ
T; 1

h i
uivix

p
d þ ðxðjÞc Þ

T; 1
h i

Sx
p
d

(21)

where ui is the ith column of matrix U, and vi is the ith row of
matrix V. The ith user feature ½ðxðjÞc ÞT; 1�ui is a linear combination
of original user variables; the ith design feature vix

p
d is a linear

combination of original design variables; and ri represents the im-
portance of this pair of features for the customer’s design
preferences.

Interpreting these features in the vehicle preference case study,
we found that the most influential feature pairing (i.e., largest ri)
corresponds to preference trends at the population level: Low
price but luxury vehicles are preferred, and Japanese vehicles
receive the highest preference while GM vehicles receive the low-
est preference. The second most influential feature pairing repre-
sents a rich customer group, with preferred vehicle groups being
both expensive and luxurious. The third most influential feature
pairing represents an elder user group, with their preferred
vehicles as large but with low net horsepower.

6.2 Features Visualization of Design Preferences. We now
visualize features to understand what insights for design decision
making. Specifically, we make early stage inroad to visual market
segmentation performed in an estimated feature space, thus clus-
tering customers in a representation that better captures their
underlying design preference decisions.

We begin by looking at the utility model Urp given in Eq. (1)
and note that the inner product between X and the variables xðrÞu
representing customer r may be interpreted as customer r’s opti-
mal vehicle, denoted x

ðrÞ
opt

x
ðrÞ
opt ¼ ðxðrÞu Þ

TXout þ 1TXmain (22)

where Xout is the matrix reshaped from the coefficients of X corre-
sponding to the outer product given in Eq. (1), Xmain is the matrix
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reshaped from the remaining coefficients, and 1 is a vector con-
sisting of 1’s with the same dimension as xðrÞu . We rewrite the util-
ity model Urp given in Eq. (1) in terms of the optimal vehicle x

ðrÞ
opt

Urp ¼ ðxðrÞoptÞTx
p
d (23)

According to the geometric meaning of inner product, the
smaller the angle between x

p
d and x

ðrÞ
opt is, the larger will be the util-

ity U
rp

. In this way, we have an interpretable method of improving
upon the actual purchased vehicle design in the form of an
“optimal” vehicle vector. This optimal vehicle vector could be
useful for a manufacturer developing a next-generation design
from a current design, particularly as the manufacturer would tar-
get a specific market segment.

We now provide a visual demonstration of using an optimal
vehicle derived from feature learning to suggest a design improve-
ment direction. First, we calculate the optimal vehicle using
Eq. (22) for every customer in the dataset. Then, we visualize
these optimal vehicle points by reducing their dimension using
t-distributed stochastic neighbor embedding, an advanced nonlin-
ear dimension reduction technique that embeds similar objects
into nearby points [52]. Finally, optimal vehicles from targeted
market segments are marked in larger red points.

Figure 6 shows the optimal vehicles for the SCI-XA, MAZDA6,
ACURA-TL, and INFINM35 customer groups using red points,
respectively. We observe that the optimal vehicle moves from
the left-top corner to the right-bottom corner as the purchased
vehicles become more luxurious using the LSD features, while

the optimal vehicles in the original variable representation show
overlap, especially for MAZDA6 and ACURA-TL customers. In
other words, we are visualizing what has been shown quantita-
tively through increased preference prediction accuracy; namely,
the optimal vehicles represented using LSD features as opposed
to the original variables result in a larger separation of various
market segments’ optimal vehicles.

The contribution of this demonstration is not the particular
introspection on the chosen example with MAZDA6 and
ACURA-TL customers. Instead, this demonstration is significant
as it suggests that it is possible to perform feature-based market
segmentation purely using visual analysis. Such visual analysis is
likely to be more useful to practicing designers and marketers, as
it abstracts away the underlying mathematical mechanics of fea-
ture learning.

7 Conclusion

Feature learning is a promising method to improve design pref-
erence prediction accuracy without changing the design prefer-
ence model or the dataset. This improvement is obtained by
transforming the original variables to a feature space acting as an
intermediate step as shown in Fig. 1. Thus, feature learning com-
plements advances in both data gathering and design preference
modeling.

We presented three feature learning methods—PCA, LSD, and
sparse exponential family RBMs—and applied them to a design
preference dataset consisting of customer and passenger vehicle

Fig. 6 Optimal vehicle distribution visualization. Every point represents the optimal vehicle
for one consumer. In the left column, the optimal vehicle is inferred using the utility model
with original variables. In the right column, LSD features are used to infer the optimal vehicle.
In the first row, the optimal vehicles from SCI-XA customers are marked in big red points. Sim-
ilarly, the optimal vehicles from MAZDA6, ACURA-TL, and INFINM35 customers are marked in
big red points, respectively.
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variables with heterogeneous unit types, e.g., gender, age, and no.
of cylinders.

We then conducted an experiment to measure design preference
prediction accuracy involving 1,161,056 data points generated
from a real purchase dataset of 5582 customers. The experiment
showed that feature learning methods improve preference predic-
tion accuracy by 2–7% for a small and full dataset, respectively.
This finding is significant, as it shows that features offer a better
representation of the customer’s underlying design preferences
than the original variables. Moreover, the finding shows that fea-
ture learning methods may be successfully applied to design and
marketing datasets made up of variables with heterogeneous data
types; this is a new result as feature learning methods have pri-
marily been applied on homogeneous datasets made up of varia-
bles of the same distribution.

Feature interpretation and visualization offer a promise for
using features to support the design process. Specifically, inter-
preting features can give designers deeper insights of the more
influential pairings of vehicle features and customer features,
while visualization of the feature space can offer deeper insights
when performing market segmentation. These new findings sug-
gest opportunities to develop feature learning algorithms that are
not only more representative of the customer preference task as
measured by prediction accuracy but also easier to interpret and
visualize by a domain expert. Methods allowing easier interpreta-
tion of features would be valuable when translating the results of
more sophisticated feature learning and preference prediction
models into actionable design decisions.
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Nomenclature

ak, bm ¼ bias parameter for RBM units
Dð�Þ ¼ singular value threshold shrinkage operator
E½�� ¼ expectation

EG;EB;EC ¼ energy function for Gaussian, binary, and categor-
ical variables

h ¼ features
j ¼ index for arbitrary customer

K ¼ dimension of features
L ¼ low-rank matrix
M ¼ dimension of original variables

MG;MB;MC ¼ dimension of Gaussian, binary, and categorical
original variables

N ¼ number of data points
n, m, k ¼ indices for N, M, K

Pð�Þ ¼ probability
p, q ¼ indices for arbitrary design pair

r ¼ rank of low-rank matrix
S ¼ sparse matrix
si ¼ singular value

Ssð�Þ ¼ soft-threshold operator
t ¼ step index for proximal gradient

T ¼ transpose
u; v ¼ arbitrary vectors (used for proof)

U;R;V ¼ matrices of SVD decomposition
wmk ¼ weight parameter for RBM

xc ¼ customer
xd ¼ design
Xc ¼ all customers

Xd ¼ all designs
y ¼ all purchase design indicators

yðjpqÞ ¼ indicator variable of purchased design
Zm ¼ dimension of categorical variable
a ¼ l2 norm regularization parameter
b ¼ sparsity activation target for RBM
d ¼ delta function
c ¼ feature/original variable size ratio
g ¼ step size for proximal gradient

ejp ¼ gumbel random variable
x;X ¼ part-worth coefficients of preference model: vec-

tor, matrix
k1 ¼ nuclear norm regularization parameter
k2 ¼ sparsity regularization parameter (LSD)
k3 ¼ sparsity regularization parameter (RBM)
r ¼ sigmoid function
h ¼ parameters (generic)

k � k ¼ l2 norm
k � k1 ¼ l1 norm
k � k� ¼ nuclear norm

proxf ð�Þ ¼ proximal operator for f
½�; �� ¼ vector concatenation
� ¼ outer product

Appendix: Proof of Low-Rank Matrix Estimation

Guarantee

Though the low-rank matrix is estimated jointly with the
decomposed matrices as well as the loss function, an accurate esti-
mation of the low-rank matrix can still be achieved as guaranteed
by the bound as in this section. We subsequently provide a varia-
tional bound of the divergence of the estimated likelihood from
the true likelihood.

To simplify the notation in our proof, we redefine the following
notation:

ðm; nÞ ¼ dimðXÞ

Before our proof, however, we state the following relevant
prepositions.

PROPOSITION 1. The proximal operator for the nuclear norm
f ¼ k1jj � jj� is the singular value shrinkage operator Dk1

.
Consider the SVD of a matrix X 2 Rm�n with rank r

X ¼ URVT

Dk1
ðXÞ ¼ USk1

ðRÞVT
(A1)

where the soft-thresholding operator Sk1
ðRÞ ¼ diag

ðfmaxðsi � k1; 0Þgi¼1;…;minðm;nÞÞ. Moreover, Sk2
ð�Þ is also the

proximal operator for the l1 norm.
The matrix decomposition structure of our model builds on the

separable sum property [49].
PROPOSITION 2. Separable Sum Property. If f is separable across

two variables x and y, i.e., f ðx; yÞ ¼ f1ðxÞ þ f2ðyÞ, then

proxf ðx; yÞ ¼ ðproxf1ðxÞ; proxf2
ðyÞÞ (A2)

Our proof proceeds as follows. Let us denote the optima of
problem (9) as L�, the gradient of the loss function lð�Þ with
respect to L� as rL� l, and the matrix minimizing the loss function
lð�Þ as L0.

We next prove the following theorems: Theorem 2 provides a
tight bound on rL� l. Corollary 1 bounds the estimation error for
the learned matrix L�. Theorem 3 follows by bounding the diver-
gence of likelihood from the true data distribution where lð�Þ is a
likelihood function.
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First, we make the weak assumption that the optimization prob-
lem given in Eq. (9) is strictly convex, since a necessary and suffi-
cient condition is that the saddle points for lð�Þ and the
regularization terms are not overlapping.

THEOREM 2. Loss function gradient bound

jjrL� ljj2 � minðm; nÞ

Proof. Under the strictly convex assumption, the stationary point
(i.e., the optima L� for the optimization problem (9)) is unique.
By Lemma 1, iterations of the proximal gradient optimization
method Lk converge to this optima L�. According to the fixed
point equation for L (Algorithm 1), we have

L� ¼ proxf ðL� � grL� lÞ (A3)

Denote L� � grL� l as M, representing the argument of the proxi-
mal operator at the optimal low-rank estimation. The SVD for L�,
M, and proxf ðMÞ yields

L� ¼ URVT (A4)

M ¼ UMRMVT
M (A5)

proxf ðMÞ ¼ UproxR
proxVT

prox (A6)

where U, Uprox 2 Rm�r; VT; VT
prox 2 Rr�n; and R;Rprox 2 Rr�r

with R ¼ diagðfsigi¼1;:::;rÞ and Rprox ¼ diagðfsprox
i gi¼1;:::;rÞ. UM

2 Rm�m; VT
M 2 Rn�n, and RM is an m� n rectangular diagonal

matrix.
Without loss of generality, assume that s1 > s2 > … > sr > 0,

i.e., these singular values are distinct and positive, thus ensuring
column orderings are unique. Thus, we may assert that U ¼ Uprox,
V ¼ Vprox, and R ¼ Rprox due to the uniqueness of SVD for dis-
tinct singular values in L� ¼ proxf ðMÞ.

According to Proposition 1

proxf ðMÞ ¼ UMmax RM � gI; 0
� �

VT
M (A7)

Note that the dimensionality of proxf ðMÞ is less than that of the

value of M. To bridge the gap between them, we define diagonal

submatrices RM
þ and RM

� . (In other words, we partition RM into

two submatrices RM
þ and RM

� .) For all singular values sM
i of M,

i ¼ 1; 2;…;minðm; nÞ, if sM
i � g 	 0, then sM

i is a diagonal ele-

ment of the submatrix RM
þ ; otherwise, sM

i is a diagonal element of

the submatrix RM
� . Hence, maxðRM

þ � gI; 0Þ ¼ RM
þ � gI and

maxðRM
� � gI; 0Þ ¼ 0

proxf ðMÞ ¼ UþMðRM
þ � gIÞðVþMÞ

T

where UþM ðVþMÞ are left-singular (right-singular) vectors corre-

sponding to RM
þ ; U�M and V�M are also defined, respectively. Again,

due to the uniqueness of SVD, we have UþM ¼ U and VþM ¼ V.
We now rewrite the SVD formula for proxðMÞ and M as

proxðMÞ ¼ UðRM
þ � gIÞVT (A8)

M ¼ UMRMVT
M

¼ UþMRM
þðVþMÞ

T þ U�MRM
�ðV�MÞ

T

¼ URM
þVT þ U�MRM

�ðV�MÞ
T

(A9)

By definition of M

M ¼ URVT � grL� l (A10)

Equations (A3) and (A8) indicate that

URVT ¼ UðRM
þ � gIÞVT (A11)

R ¼ RM
þ � gI (A12)

By Eqs. (A9), (A10), and (A12), we have

�rL� l ¼ U RM
þ � R

� �
VT þ U�MRM

� V�Mð ÞT

¼ UVT þ 1

g
U�MRM

� V�Mð ÞT
(A13)

Note that every diagonal element sM
�i in RM

� satisfies 0 M
�i � g.

Hence

jjrL� ljj2 � jjUVTjj2 þ
1

g
jjU�MRM

� V�Mð ÞTjj2

� k1

Xr

i

jjU:iV
T
:i jj2 þ

Xmin m;nð Þ�r

j¼1

sM
�i

g
jj U�M½ �:j V�M½ �:j

� �Tjj2

(A14)

� minðm; nÞ (A15)

where U:i or V:i is the ith column in matrix U or V, and ½U�M�:j or
½V�M�:j is the jth column in matrix U�M or V�M.

Summarizing the proof of Theorem 2, the gradient of the loss
function at the estimated low-rank matrix is bounded by a unit
ball within the original problem space that has radius of the low-
rank regularization parameter k1. The relaxation of the bound par-
tially comes from the second term in inequality (A14). This
implies that the bound is tighter if the rank of L� is increased.

Based on the gradient bound given in Theorem 2, we now
bound the estimation error of the learned low-rank matrix L�.
Although the value of the bound is not explicit in this proof, in
some cases we are able to explicitly calculate its value.

COROLLARY 1. Learned Low-Rank Matrix Estimation Error. The
error jjL� � L0jj2 is bounded by the diameter of minimum-sized
ball that includes the following set:

fL : jjrLljj2 � minðm; nÞg

Proof. The proof directly follows from Theorem 2 and the fact
that rL0

l ¼ 0.
Since the loss function lð�Þ is convex, the Euclidean norm of

its gradient rLl is nondecreasing as the Euclidean distance jjL�
L0jj2 is increasing.

When the loss function is sharp around its minima, then fL :
jjrLljj2 � minðm; nÞg is a small region which implies that L� is a
good estimation of L0.

We next bound the likelihood divergence when the loss func-
tion lð�Þ is a likelihood function. To do this, we use Theorem 2
and Corollary 1 to construct a variational bound.

THEOREM 3. Variational bound on estimated likelihood

j�lj � minðm; nÞjjL� � L0jj2

Proof. By the Lagrangian mean value theorem, there exists L1 2
fL : Lij 2 ½L�ij;L

ij
0 �g such that

lðL�; X;SÞ � lðL0; X;SÞ ¼ hrL1
l; ðL� � L0Þi

� jjrL1
ljj2jjL� � L0jj (A16)

where hA;Bi denotes inner product of vecðAÞ and vecðBÞ, in
which vecð�Þ is the matrix vectorization operator.

Because of the convexity of lð�Þ; jjrL1
ljj2 � jjrL� ljj2. By

Theorem 2
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j�lj ¼ lðL�; X;SÞ � lðL0; X; SÞ (A17)

� minðm; nÞjjL� � L0jj2 (A18)

Summarizing the proof of Theorem 3, the variational bound of
the estimated likelihood depends on both the bound of gradient of
the likelihood function lð�Þ given in Theorem 2 and the property
of the likelihood function in the neighborhood of its optima L0 as
described in Corollary 1.
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